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Abstract. Recently it has been shown that any regular simple symmetric 
operator with deficiency indices (1,1) is unitarily equivalent to the operator 
of multiplication in a reproducing kernel Hilbert space of functions on the real 
line with the Kramer sampling property. This work has been motivated, in 
part, by potential applications to signal processing and mathematical physics. 
In this paper we exploit well-known results about de Branges-Rovnyak spaces 
and characteristic functions of symmetric operators to prove that any such 
a symmetric operator is in fact unitarily equivalent to multiplication by the 
independent variable in a de Branges space of entire functions. This leads 
to simple new results on the spectra of such symmetric operators, on when 
multiplication by z is densely denned in de Branges-Rovnyak spaces in the 
upper half plane, and to sufficient conditions for there to be an isometry from 
a given subspace of L 2 (M, dv) onto a de Branges space of entire functions which 
acts as multiplication by a measurable function. 
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A reproducing kernel Hilbert space TC of functions on a set X c C is said 
to have the Kramer sampling property if it has a total orthogonal set of point 
evaluation vectors The reason for this terminology is clear: If S x denotes the 
point evaluation vector in 7i at the point x G X, i.e. (/, S x ) = f(x) for all / G H, 
and if {^x„} is a total orthogonal set, then any / G H. can be reconstructed from 
its 'samples', or values taken on the set of points {x n } C X, using the sampling 
formula 



We will only consider the case where H is separable, so that all total orthogonal 
sets in Ti are countable. 

The classic examples of such spaces are the Paley-Wiener spaces B(Cl) of 0- 
bandlimitcd functions, > 0. The space B(fi) is the image of L 2 [— f2, fi] under 
the Fourier transform, and for / G B(fi) the reconstruction formula takes the 
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form 

sin (fl(x — x n )) 



(i-2) m = T,f( x »y- 



where (x n ) C M is any sequence of points satisfying x n +i — x n = 77 • In this partic- 
ular case, the formula (|1.2|) is called the Shannon sampling formula. These spaces 
are used ubiquitously in signal processing to discretize and later reconstruct con- 
tinuous signals; e.g audio signals to be recorded on compact disc, images for digital 
transmission, etc. The kernel of the idea is that by choosing a sufficiently large 
bandlimit, a given continuous signal can be well-approximated by a bandlimited 
function. The samples of this bandlimited approximation on a sufficiently dense 
set of points can then be recorded and later used in Shannon's sampling formula 
to reconstruct the approximating function. 

There has been a significant amount of recent work focusing on the search for 
and study of other reproducing kernel Hilbert spaces of functions on the real line 
with the sampling property (or with the more general property that they contain 
a Riesz basis or frame of point evaluation vectors) in an effort to develop more 
efficient methods of discretizing and reconstructing certain classes of continuous 
signals in signal processing. See, for example H 0] 01 @ 0> to name a few. 
Recently, it has been discovered that there is a connection between the study of 
such spaces and the spectral representations of symmetric operators with deficiency 
indices (1, 1). In particular, it has been shown that any regular simple symmetric 
operator, B, with deficiency indices (1, 1) is unitarily equivalent to multiplication by 
the independent variable in a reproducing kernel Hilbert space TL with the sampling 
property where TL C L 2 (M.,da) has the following properties [1] [!]■ First, the 
positive measure a can be chosen to be equivalent to Lebesgue measure, in fact a 
can be chosen such that da(x) — a'(x)dx, where a' > is continuous on R. The 
space TL consists of certain functions which are meromorphic in C with no poles on 
the real axis. Furthermore, given any self-adjoint extension B' of B, its spectrum 
cr(-B') is purely discrete and can be arranged as a monotonically strictly increasing 
sequence of eigenvalues (A„) n ez with no finite accumulation point, and if 8\ denotes 
the point evaluation vector in TL at any A £ M, then {£a„} is a total orthogonal set 
in TL. 

The main goal of this paper is to fully connect the theory developed in Q Q and 
Q with the theory of de Branges spaces by showing that any linear transformation 
B with domain and range contained in a separable Hilbert space TL is regular, closed 
and simple symmetric with deficiency indices (1,1) if and only if it is unitarily 
equivalent to multiplication by the independent variable in a de Branges space of 
entire functions. This will be accomplished by straightforwardly combining known 
results about de Branges- Rovnyak spaces and Lifschitz' theory of the characteristic 
functions of simple symmetric operators with deficiency indices (1,1) 10. Appendix 

i : cm 

In the process of achieving this result, it will be demonstrated that multiplica- 
tion by the independent variable is a simple symmetric linear transformation, with 
deficiency indices (1,1) in any de Branges-Rovnyak space in the upper half plane 



1 As observed in Q Q if B is actually an entire operator in the sense of M.G. Krein Q §, 
then it is already known that the space fi. described in the previous paragraph is a de Branges 
space. 
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provided this space is defined by an extreme point of the unit ball in H°°. New 
results on when this linear transformation is densely defined, and on the spectra 
of simple symmetric operators with deficiency indices (1, 1) will also be presented. 
Finally, new sufficient conditions for a subspace of L 2 (R, dv) to be the image of a 
de Branges space of entire functions under an isometry which acts as multiplication 
by a measurable function will be proven (see Theorem 15.2.21 and Theorem 15.2.61 of 
Subsection 15.211 . 



1.1. Some notation. We will define 

(1.3) /i(z):=^; /i:U^P 

so that /^ _1 (z) = ij-rf ■ Here U denotes the open complex upper half plane, D the 
unit disc, and T, L will be used for the unit circle and open complex lower half 
plane, respectively. Throughout this paper <j> will denote a function in B x (iJ°°(U)), 
the unit ball of £f°°(U), and <p :— <j> o /i -1 will be the canonical image of 4> in 
B\ (iJ°°(B)), (j> — (p o fi. If (f) is an extreme point of the unit ball of H°°(U) 
we will sometimes simply say that <fi is extreme. Let M denote the operator of 
multiplication by the independent variable in L 2 (R), so that 4>{M) is multiplication 
by (j>. Let U : H 2 (B) -> H 2 (V) denote the canonical isometry of H 2 (B) onto H 2 (U). 

If /eff 2 (©), 

(1.4) U f{z)=^—^-mz)) eH 2 (V), 
and if / e H 2 (U), then 

(1.5) U- 1 f{z) = ^ f ^ 1{z)) £JJ 2 (D). 

1 — z 

It follows that U~ 1 (f)(AI)U acts as multiplication by <p on H 2 (D). 

For / G L°°(R), let T f := P ff 2 (u) /(M)| ff 2 (u) , where /(M) is multiplication by 
/. The notation will be used for the de Branges- Rovnyak space which is the 

range of := y/l — T^Tj, endowed with the inner product that makes a co- 

isometry of H 2 (U) onto its range. Hence if /, g S iJ 2 (U) and at least one of them 
is orthogonal to Ker(i?^), the kernel of R^, then (R<f,f, R^g)^ — (/, g), where (•, 
denotes the inner product in i^^. The notation Ti.(E) is reserved for the de Branges 
space of entire functions defined using the de Branges function E. 

It is not hard to check that U is an isometry of K 2 onto K 2 , where K 2 is 
the usual de Branges- Rovnyak space of functions in iJ 2 (D), defined using ip, i.e., 

K 2 is the range of R v := Jl - f v % in H 2 (B) endowed with the inner product 
that makes R v a co-isometry of H 2 (D) onto K 2 . Here T v is the Toeplitz operator 
Ph 2 (b)^(p\h 2 (b)i an( i M v = U^^Myj acts as multiplication by (p on H 2 (3). 
The notation, {■,■)(/> and (•, -) v will be used for the inner products in and K 2 
respectively. Of course these inner products reduce to the usual L 2 inner products 
in the case where <f> = F is an inner function. If it is clear from the context 
which space is being dealt with, the generic (•, •) will sometimes be used. All inner 
products are assumed to be conjugate linear in the second argument. 

For future reference, for w G U, we will let denote the point evaluation vector 
at w in K?. That is is the element of K\ such that (/, k^)^ = f(w) for all 
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/ € K\. This vector has the form 



(1.6) kt( Z ):=p-^m. 

Zir z — w 

Similarly, for w € B, fc^ wn l denote the point evaluation vector in Kz, at u>, given 
by the formula 



Finally for any function /, analytic on a region Q, f* will denote the function 
f*(z) = f(z) analytic in the reflection of the region in the real axis. 

2. Representation of an arbitrary simple symmetric linear 
transformation with deficiency indices (1, 1) 

Given a Hilbcrt space TL, let V denote an arbitrary closed simple isometric 
linear transformation with deficiency indices (1, 1) in TL. Here, recall that the 
deficiency indices of V arc defined as n + := dim (Dom(V r ) J_ ) and n_ := 

dim (Ran(V")^) , and that an isometric linear transformation is called simple if it 
has no unitary restriction to any non-trivial subspace. Further recall that a linear 
transformation in TL is called closed if its graph is a closed subspace of TL © TL. An 
isometric linear transformation V is bounded, and so will be closed provided its 
domain is a closed subspace of TL. 

Given such a V, let B := ^(V) = i(l + V)(l-V)- 1 , where (l-V)' 1 is defined 
as a linear map from Ran(V — 1) onto Dom(V r ). The map B is a closed simple 
symmetric linear transformation in TL with deficiency indices (1,1). Recall that a 
symmetric linear transformation is called simple if it has no self-adjoint restriction 
to a dense domain in a non-trivial subspace, and that the deficiency indices of B 
are also (n + ,rt_) where n + = dim (Dom(V) J = dim (Ran(£? + i)- 1 ) and rt_ = 
dim (Ran(F) ) = dim (Ran(_B — i) ). Note that if B is densely defined, then its 
adjoint B* is a well-defined closed operator and Ran(_B — z) = Ker(B* — z) for 
all z E C. Finally recall that V = /-*(£?), and that the map B i— ► n(B) is a bijection 
of the set of simple symmetric linear transformations with deficiency indices (1,1) 
onto the set of simple isometric linear transformations with deficiency indices (1,1). 
If B is symmetric, V := n(B) is called its Cayley transform. For the basic theory 
on symmetric operators, their Cayley transforms and deficiency indices, see for 
example [l(| or jlil ]. 

The Lifschitz characteristic function wy of a simple isometric linear transforma- 
tion V with deficiency indices (1,1) is defined as 

z<(#-*)-VhV>+> 



(2.1) w v (z) := 



where U is an arbitrary unitary extension of V, and 7^ ip+ G Dom(l/) _L jlQ . 
Appendix 1] (TJ. Note that if B is defined as B := ^ _1 (^). then Dom(F)- L = 
Ran(_B + i) ± . Choosing a different unitary extension U' in the definition of ioy 
only changes wy by a unimodular constant. For this reason wy is defined only 
up to such a constant, and we will say any two characteristic functions coincide if 
they differ by such a constant. The function wy belongs to B\ (U°°(B)), and obeys 

uv(o) = 0. 



REPRESENTATION OF SYMMETRIC OPERATORS IN DE BRANGES SPACE 



5 



The Lifschitz characteristic function of a simple symmetric linear transformation 
with deficiency indices (1,1), B, is then defined as ujb(X) := wy(/z(A)). A short 
calculation shows that for a,A£C\{— i}, 



(/x(a) - n(X)) 



1 



(2.2) 

If U is a unitary extension of V 
of B and 



A + i a + i 

+ ; 

a — i 
X + i a + i 

2i a — A 
A+ia+i 

2i a — i 



(A + i)- (A-t) 



a + z 



a 



2i- 



A 



A-i 



/u(-B), then A := /i 1 (C/) is a self-adjoint extension 



(2.3) (C/-/i(A))- 1 = ( M (^)-/i(A))- 



A + i 
2i 



H(A)* (l + (\- t )(A-X)- 1 ) 



It follows that the characteristic function of B can be written as 

A - i ((I + (A - i)(A - \)~ 1 )tp + , fi(A)ip + ) 



(2.4) cj B (X) = w KB) (fi(X)) = 



A + z ((I+(\-i)(A-\)-i)tP + ,iP + } • 

Again, lob is defined modulo unimodular constants, lob € Sx (iJ°°(lLJ)), and Ws(i) 

-i X + i 



0. Alternatively, one can calculate that (fi(a) — A*(A)) 
so that the characteristic function can also be written as 

A-i((J + (A + i)(^-A)- 1 ) 



2 1 



(l + iX + t^a-Xr 1 ), 



(2.5) 



uj b (X) 



A + i ((7 + (A-i)( J 4-A)-i)V + >+)' 

2.0.1. Remark. There is a slight technicality, glossed over in the above discussion 
that should be pointed out. It is straightforward to show that B is densely defined 
if and only if no unitary extension U of the Cayley transform V = n(B) of B has 1 
as an eigenvalue (see the last part of the proof of Theorem 13. 1.21 to come). Hence 
if B is not densely defined, then there is a unitary extension Ui of V which has 1 
as an eigenvalue so that for this particular Ui, A = ^^-{Ui) is not well defined. 
This unitary extension is unique, if any other unitary extension U' also has 1 as 
an eigenvalue then one can calculate that 1 would have to be an eigenvalue of 
V, contradicting the simplicity of V. In conclusion, if B is not densely defined, 
then in the formula (|2.4[) for the characteristic function of B, A = ^~ 1 (J7) must 
be chosen as the inverse Cayley transform of a unitary extension U of V = n{B) 
where U ^ Ui. 

We will employ the following theorems of M. S. Lifschitz on such isometric and 
symmetric linear transformations and their characteristic functions [10 1 Appendix 

i] m-- 

Theorem 2.0.2. (Lifschitz) In order that two simple isometric linear transfor- 
mations with deficiency indices (1,1) be unitarily equivalent, it is necessary and 
sufficient that their characteristic functions coincide. 

Theorem 2.0.3. (Lifschitz) Given any w £ Bi(H°° (H>)) obeying w(0) = 0, there 
exists a simple isometric linear transformation with deficiency indices (1,1) whose 
characteristic function is w. 
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2.0.4. Remark. Using the bijective correspondence between simple isometric and 
symmetric linear transformations with deficiency indices (1, 1), the analogous state- 
ments obtained by replacing w G B% (H°°(H))) with uo S B\ (H°°(l])), isometric with 
symmetric, and w(0) = with oj{i) = in the above two theorems are also true. 

Let ip <E Bi(H°° (!$)), and consider the function b v := jz^-- Then b v has non- 
negative real part, and so has the Herglotz integral representation 

(2.6) M*)=/ -^dp v (e w ) + tlm(b v (0)), 

Jo e z 

where p v is a positive, finite Borel measure on the unit circle T and Im (z) denotes 
the imaginary part of z. Now consider the space L 2 (T) of functions on the unit 
circle square integrable with respect to this measure p v , and let Z v denote the 
unitary operator of multiplication by z in L^(T), i.e. Z v f(e 10 ) = e %e f(e l9 ). Let 
ib + G L%{T) be defined by t/,+ (z) := l/z. If Dom(Z;) := {/ e L%(J)\ </, 0+) = 0}, 
then it is not hard to check that Z' v := -Z^lDom^) is a closed simple isometric 
linear transformation with deficiency indices (1,1) whose characteristic function is 

(2-7) w v (z) = 

1 - (p{0)<p(z) 

In particular, if ip(0) = then w v (z) = f{z). These facts are collected in the 
following lemma. 

Lemma 2.0.5. Let V be a simple isometric linear transformation with deficiency 
indices (1,1) and characteristic function w. Then V is unitarily equivalent to Z' w : 
T>om(Z' w ) — > Ljj(T), where Z' w acts as multiplication by z on its domain. If ip £ 
Bi(H°°(D)), then the characteristic function w v of Z' v is given by equation \2. 7| ). 

The following proof of this lemma follows immediately from that of Theorem 
CSZJ in 0, Appendix 1]. 

Proof. The final statement will be proven first. Suppose that tp E Bi(H co (D). By 
definition (see (|2.ip ). the characteristic function v(z) of Z' is equal to 



(2.8) v(z) 



z((Z v -z) 1 tp + ,i)+) 



where ip+(z) = l/z in i^(T). First observe that 

2jt 



1 



((Ztp-z) 1 Z v ip + ,ip + ) 

(2.9) ((^-*)~VhV4-> = I ^—dp^ 

Jo e — z 

while 

(2.10) {{Z v - z)- l Z^ + ^ + ) = -^—d P<p (e? e ). 

Jo e — z 

By the Herglotz representation ()2.6|) of b v , /O v ({T}) = Re (6 V (0)) and 
b v (z)-b v (0) = /"^^^(e^-HeCMO)) 



o 



2tt 



+ Z - {eie - Z) - d p^) 



e*" — z 
-l. 



(2.11) = 2z((^-z)-V+>- 
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Similarly, 

(2.12) b v (z) + b^(Q) =2{(Z lp -z)- 1 Z v i/)+,iP + ). 

Using that b v = we conclude that 

( 2 - 13 ) W =; 777TT=X 



b v + 6(0) 1 - <p(p)<p 

where x = i-y[o) e ^ , This establishes the formula (|2.7[) , and the final statement 
of the lemma. 

To prove the remainder of the lemma, recall that if w is the characteristic function 
of V, then w(Q) = 0. By (|2.7[) . the characteristic function of Z' w is also u>. The rest 
of the lemma now follows from Theorem 12.0.21 □ 

2.1. An isometry of if^ onto H^. Let p v be the positive Borel measure on the 
circle T defined by the function p £ Bi(H°° (H))) as in equation (|2.6p . The Cauchy 
integral of p v is defined by 

(2.14) T v (z) = f -l—d Pv {w), 

J j 1 — wz 

[H, Chapter III]. Given / £ L*(T), one defines T v f := J r {^d Pip {w). Let 
denote the closure of the polynomials in I/L. For any / £ H^, define W<pf(z) := 
(1 — (p(z))T ip f(z). Then as shown, for example in 13, HI-7], W v is an isometry of 
H 2 V onto K%. 

It follows from [H, III-8] that 

(2.15) w v z;w- 1 = x + o.-<p(p))- 1 {.,h$) v> s*<p, 

where S* is the backward shift in H 2 (D) and X := S*\k2 . Furthermore, as shown in 
[U, III- 7], the image of the constant function f(z) — 1 under W v is (1 — <£>(0)) . 

2.2. The case where p is extreme. Recall that ip is an extreme point of the 
unit ball if and only if ln(l — \tp\) is not integrable 14|, pg. 138]. If H% is the 
closure of the polynomials in Vt, further recall that H 2 = I? if and only if the 
Radon-Nikodym derivative of the absolutely continuous part of Pip with respect to 
Lebesgue measure is not log-integrable [14|, pg. 50]. This derivative is equal to 

p an d hence is not log-integrable if and only if <p is an extreme point. 



Since agrees with (Z' )* on Ran(Z^), Ran(Z^) is the orthogonal complement 
of the constant function 1 in Lz,, and the image of 1 under the isometry W v is a 
constant multiple of fcg , it follows that the image of Ran(.2^,) under the isometry 
W v is the subspace Sq c of functions in which vanish at 0. It then follows 
from equation (12.15[) that the image of (Z' )* under W v is S'*|5 . 

If f(z) — zg(z) £ Sq, then it is clear that g = S* / £ since is invariant 
under S*. Moreover, by [H, 11-91, with X = S*\ K 2 , 

(2.16) X*Xf = X*S*f = SS*f - (S*f, S*p) ip p = !- (S*f, S*p) v p. 

Since (p is an extreme point, it follows from (ljj , V-3], that p £ K 2 . Hence it must 
be that the inner product (S*f,S*ip) v = 0, that X*Xf = SS*f = / and that 
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AT*|s*s = S\s m S - It follows that <S|s*s„ = W V Z' V W~ X is an isometry from the 
subspace S*Sq onto iSo- 

The image of S under the canonical isometry, U, of H 2 {U) onto H 2 (U) is fi(M), 
which acts as multiplication by n(z) = The image of So under U is the 

subspace Si C K\ of functions in K\ which vanish at z = i. It follows that 

if v* ■.= us*u- l \ Si = uw v z' v w;u*\ Si=U w^o m (%)> then ( v4> T = l /KM)\ Si 

where l/fx(M) is multiplication by and = M-^OlRan^v^)*) is the image 
of Z' under the isometry UW V . Define the linear transformation (V^ — : 
Ran(F^-l) ->■ Dom(^). Then the inverse Cayley transform of V* , := 
^t~ 1 (y0) = i(l + V r ^)(l — y*) -1 , is a symmetric linear transformation which acts 
as multiplication by z on the domain Dom(A/ <# ') := Ran(V^ - 1) C K^, = 
Ml 

Dom( a/*) ■ This domain will be dense if and only if Ran(V^ — 1) is dense in K^. 
We will provide necessary and sufficient conditions on cj> for to be a densely 
defined symmetric operator in in the case where <f> is extreme in Section [3] 

Applying Lemma l2.0.5l and Remark 12 . . 41 immediately yields: 

Theorem 2.2.1. The transformation :— ^{Mjli/^^g. is a closed simple 
isometric transformation with deficiency indices (1,1) in K\. Its inverse Cay- 
ley transform, = is a closed simple symmetric linear transforma- 
tion with deficiency indices (1, 1) which acts as multiplication by z on the domain 
Dom(M^) = Ran(V^ - 1) C K\. The characteristic function of M* is 

(2.17) - 



1-0(00 

Conversely, if B is any closed simple symmetric linear transformation with defi- 
ciency indices (1, 1) whose characteristic function lo is an extreme point, then B is 
unitarily equivalent to in the de Branges-Rovnyak space where (f> a = pj=^ 
and a — —4> a (i) € ID) is arbitrary. 

Again, as observed in Remark 12.0.41 an analogous statement to the second part 
of the above theorem holds for any simple isometric linear transformation with 
indices (1,1). 

2.2.2. Remark. In particular, choosing a = in the above theorem shows that B 
is unitarily equivalent to multiplication by z in K 2 . It is easy to check that <f> is 
inner or extreme if and only if lu is. 

2.2.3. Remark. If M denotes multiplication by x in L 2 (R) and F is an inner func- 
tion, it is not difficult to verify that M F is the unique closed symmetric restriction 
of M to a linear subspace of K F with deficiency indices (1,1). 

2.2.4. A conjugation which commutes with . In the case where ip is extreme, 
so that W v is an isometry of 1?^ onto K 2 , let C denote the conjugation defined 
on L 2 by Cf(z) = \/zf{z) (see for example [15|). Recall that a conjugation is 
an idempotent norm-preserving anti-linear map. It is easy to observe that CZ V = 
Z* V C, that CDom(Z^) = Ran(^), and that CDom(Zp ± = Ran(Z^)- 1 . With these 
facts one can show that if C$ denotes the image of C in K 2 , C<p :— UW V CW*U* , 
that C^k^z) — *^ 2 ^~^ t - 1 , and that the following lemma holds. 
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Lemma 2.2.5. The conjugation Cp maps Dom(Af^) onto itself and commutes with 
M*. For any A G C \ R, C^Ran(M* - A) 1 - = Ran(M* - A)- 1 . 

Any <fr G Bi(i?°°(U)) has the canonical representation 

(2.18) fa) = X f] e '° Z ex P TT^ <M*) 

where (-Zn)neN C U, |lm (7-) < °°7 f > 0, x 6 T and 1/ is a finite, positive 
Borel measure on R. This formula actually defines a function which is analytic 
everywhere in the region f2 where f2 := C\supp(0)* and supp(0)* is defined as the 
union of the closure of the set {z^} n &i with the closed support of the measure v 
on E. Recalling that </>* is defined by (j>*{z) = 4>(z), equation (|2. 18[) implies that 
4>{z)4>*{z) = 1 for all z efl. 

It is clear that if h G H 2 (V) then h* 6 H 2 (h), and visa versa. If 4> = F is inner, 
so that F(x)F{x) = 1 almost everywhere x G R, then the non-tangential limits 
of i* 1 as z approaches the real axis from either the upper or lower half-planes are 
equal to F(x) almost everywhere. To see this, note that if z G L, F(z) — 1/F*(z), 
and the non-tangential limits of F(z) as z approaches the real axis from below 
equal 1/ F(x) — F(x) almost everywhere. Hence if h G H 2 (V), Fh* is that function 
whose non-tangential limits as z approaches the real axis from below equal F(x)h(x) 
almost everywhere, and if /, g G H 2 (V) then (Ff,g) = (f,F*g). Let * denote the 
operation /(->/*, and F(M) be multiplication by F. 

Claim 2.2.6. If F is inner, the mapping Cf '■= F(M) o * is a conjugation on 
K 2 F = H 2 (U) FH 2 (V), and f G K 2 F if and only if both f, Ff* belong to H 2 (U). 

Proof. Suppose / G K 2 . Then if h G H 2 (V) is^ arbitrary, (F*f, h) = (f,Fh) = 
so that F*f G L 2 (R) e H 2 (U) = H 2 (V) and C F f = Ff* G H 2 (V). Conversely, 
suppose that /, Ff* G H 2 (V). Then given any Fh G FH 2 (V), (/, Fh) ={F*f,h) = 
since F*f G L 2 (R) H 2 (V). It follows that / G H 2 (V) Q FH 2 (V) =_K\. 

The above shows that if / G K F , then so is C F f ■ The mapping Cf is clearly 
norm-preserving and anti-linear, so to show it is a conjugation, it remains to show 
that it is idempotent. If / G K 2 , then C 2 F f = F(Ff*)* = FF* f = f. □ 

More generally if G Bi(H°°) is an extreme point, let Ca — <fi(M) o *, 

Claim 2.2.7. The map Cp defined on the linear span of the point evaluation vectors 
k^, w el) is anti-linear, norm-preserving and idempotent with range contained in 
K^. Its unique continuous and anti-linear extension to all of if? is the conjugation 
Ca. 

Proof. Consider the dense linear manifold in which consists of all finite lin- 
ear combinations of the point evaluation vectors k^, for w G U. It follows that 
Ctkt(z) = <t>{z){kt)*{z) = 0(z)^i^MfM = g^^. As mentioned in 
12.2.41 above, this is equal to C^k^, so that Ca and Ca are norm preserving, and 
anti- linear maps that agree on a dense linear subspace of if|. It follows that Cp can 
be extended by anti-linearity and continuity to all of and that this extension 
agrees with Ca. □ 
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2.2.8. The characteristic function of ' '. When <j> is extreme, one can also directly 
calculate the characteristic function = lo M 4, of as follows. Consider the for- 
mula for the characteristic function w^ofa simple symmetric linear transformation 
B with deficiency indices (1,1) as given in equation (|2.4[) . 

2.19) cj b (A := w(M A = — — — — — — . 

A + i ((J+(A-z)(A-A) 1 )-0+,'0+) 

If C/ is an arbitrary unitary extension of fi(B) which does not have 1 as an 
eigenvalue (see Remark I2.0.1j) . and A = /j _1 ([7), it is not difficult to show that 
the operator (A - z)(A - z')" 1 = (I + (z - z')(A - z) -1 ) maps Ran(B - z 7 ) 1 - 
onto Ran(_B — "z) 1 - ([8[, pg. 9). Consider B — M^, the symmetric transfor- 
mation of multiplication by z in K^, where 4> is an extreme point of the unit 
ball in H°°. Observe that kf G Ran(M* - z) 1 - for all z G U. Indeed, for any 
/ G Dom(M^), ((M* - z)f,kf) 4> = 0. Note that if is actually densely de- 
fined, then Ran(M^ — z) 1 - = Ker((M^)* — z) so that each kf is an eigenvec- 
tor to the adjoint of with eigenvalue z. Let uj<j, — ui M <p, be defined us- 
ing an arbitrary unitary extension U of the Cayley transform of M^, and let 
M' = A be the inverse Cayley transform of U. Since (/ + (z — z')(M' — z) _1 ) ip + G 
Ran(M — z) , Ran(M — A) = C{k\}, the one dimensional subspace spanned by 
k\, and Ran(M — A) — C{C<f,k\} for each A € U by Lemma T2.2.51 it follows that 
(1+ (A - i)(M' - A)- 1 ) ?A+ = c(A)C fc A . Here c(A) G C. Moreover, we can choose 
ip- = ki/\\ki\\ and ip+ = C<pki/\\ki\\. It follows that 

_ A-i (c(A)C0fc A , h) 
^ ' ~ X + i{c{X)C^k x ,C^ki) 

_ A - i (C'^kx, h) _ A - i {C^k x ){i) 
X + i (h,kx) X + i h(X) 

(2.20) = m^m , 

l-^(A) 

which is the same (up to a unimodular constant) as the formula for lu^ = lo M 4, 
given in the statement of Theorem 12.2.11 

3. Necessary and sufficient conditions for to be densely defined. 

Given a simple symmetric linear transformation B with deficiency indices (1, 1), 
the following theorem of Lifschitz provides a necessary and sufficient condition on 
the characteristic function u> of B for B to be densely defined [h], Appendix 1] : 

Theorem 3.0.9. (Lifschitz) B will be densely defined if and only if\hn\—>oo A(w(A) — 
e la ) = oo; < e < arg A < tt — t, for each a G [0, 2tt) and any fixed e > 0. 

Let w := lo o /i -1 be the characteristic function of V := ^{B). It is not hard to 
see that the above necessary and sufficient condition for B to be a densely defined 
operator is related to the existence of the angular derivative of w at the point z = 1. 

3.1. Angular derivatives. Given b G Bi (iJ°°(D)), 6 has the canonical factoriza- 
tion 

z ( f C+z 



(3.1) b(z) = X z« J] exp - / ^dp(0 
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where YlnO- ~~ l a ™D < °°i X^T an d p is a positive Borel measure on T. 

The function b is said to have an angular derivative at z € T in the sense of 
Caratheodory if the non-tangential limits of b, b' exist at z and the non-tangential 
limit of b at z has unit modulus. Define 



(3.2) Ab := < z eT 



The following theorem, taken from [161, is a combination of results of [17| and [1 31 ] - 

Theorem 3.1.1. ( Caratheodory, Ahem and Clark, Sarason) Given b S Bi(H°°(B>)), 

and 7 € T ; the following are equivalent: 

(i) There exists a unimodular constant c such that z z 2~ c € 

(it) 7 G A b . 

( Hi ) lim inf z _» 7 1 < oo . 

(iv) b has an angular derivative in the sense of Caratheodory at 7. 

(v) every f S K\ has a non-tangential limit at 7. 

Furthermore, if any of the above conditions hold, c = 6(7) := lim r — >i b(rj) is unique, 
and ifk*(z) := ^gg^ , then for all f € K 2 b , /( 7 ) = (f,k*) b . 

With the aid of the above theorem we can now prove the following: 

Theorem 3.1.2. Let V be a simple isometric linear transformation with deficiency 
indices (1, 1), and characteristic function wy ■ Any point z € T is not an eigenvalue 
of any unitary extension U of V if and only if the angular derivative of wy does 
not exist at z. The symmetric linear transformation B = [i~ l (V) will be densely 
defined if and only if the angular derivative of wy does not exist at z = 1. 

This proof of this theorem is almost immediately implied by the proof of the 
Theorem [SMI of 0, Appendix 1]. We provide a sketch of the proof here for the 
reader's convenience. Recall that all unitary extensions of V can be labeled by a 
single real parameter a S [0, 2tt), 

(3.3) U(a) :—V® e ia (-, ip+)ip- 

on H = Dom(y) Dom(l/) ± , where ip + e Dom(y) ± and ?/>_ G Ran(V^)- 1 are fixed 
non-zero vectors of the same norm. Further recall that the vector ip + is a generating 
vector for each U(a) [HI Section 81, Lemma 1]. 

Proof, (sketch) Let w = wy and let F(a;t) := X[a,t){U(a)), t S [0, 2ii) be the 
spectral distribution function of the unitary operator /7(a). Here xo, denotes the 
characteristic function of the Borel set Vt, C [0, 27r]. Since ip+ is a generating vector 
for each U (a), it follows that z' = e 1 * 3 £ T will be an eigenvalue for U(a) if and only 
if the distribution function a a (t) := (F(a;t)'ip+,ip+} has a jump at t = [3. However, 
as in the proof of Theorem 13.0.91 one can calculate that 

( 3 - 4 ) — TT = / 1 — d ^(t), 

e ia _ w ( z ) J Q 1 — e n z 

from which it follows that the value of the jump at t = [3 is given by 
(3.5) lim (l-e-^)f , 

where z approaches e %13 non-tangentially. 
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In conclusion, z' £ T is not an eigenvalue of any unitary extension of V if and 
only if 



(3.6) 



lim — 



w(z) 



= 0, 



for all a £ [0, 2ir) whenever z — > z' non-tangentially. This will happen if and only 
if 



(3.7) 



lim 

z — >z' 



w(z) 



OO, 



for all a £ [0, 2%). If equation (|3.7|) holds, then by part (i) of Theorem 13.1.11 the 
angular derivative of w at z' does not exist. Conversely, suppose that the angular 
derivative of w does not exist at z' = e %13 . Observe that 



(3.8) 



w(z) 



> 



l-\w(z)\ 



and since z approaches z' non-tangentially, is bounded below in this limit. It 

follows that 

w(z) — e l 



(3.9) lim 

z^z' Z — Z' 

by part (iii) of Theorem 13.1.11 



>Clim inf ^#i = oc, 

z^z' 1 — \z\ 



It remains to show that B = (j, (V) will be densely defined if and only if z = 1 
is not an eigenvalue of any unitary extension of V. First, if B is densely defined, 
then Ran(V^ — 1) and hence Ran([7 — 1) is dense for any unitary extension U of 
V. It follows easily from this that no such U has 1 as an eigenvalue. Conversely, 
assume that B is not densely defined, so that there is a vector £ £ Tt such that 
((V — 1)^)0 = f° r au ^ G Dom(V). As before choose ip± such that 1 = ||^±|| 
and Dom(y) i = C{^+}, Ran(F) ± = C{V>-}, and for k £ C define U K on H = 
Dom(^)eC{V>+} by U K = V®k(; ip+)i/>-. Given any ip £ H, write ip = ip v +cip + 
where ipy £ Dom(V). Then, 

(3.10) ((U K - 1)^, = ((V - 1)W, + c (k<V-, - W>+, 0) • 

Now (ip-,^) cannot be zero, as otherwise, there would exist a £' £ Dom(V) 
such that V£' = f. This would imply = ((V — 1)^, Vf) = (1 - V)?) for all 
V> S Dom(y) so that (V - 1)£' = c'V> + . The fact that £' _L V+ and ||Vf' || = WW 
would then imply that V£' — contradicting the simplicity of V. 

Since 7^ 0, choose k = in (|3~TU)l to obtain that ((J7 K - 1)^,0 = 

for all ip £ TL. This implies that = It is straightforward to calculate that 
U* = V* ®K(-,ip-)ip+ on H = Ran(V) C{V>-}- Hence, writing £ = £* + 
where £* G Ran(V) and rf € C, it follows that U*£ = V*£* + Kdip + , and that 

(3.11) urii 2 + m 2 = lief = \\u*j\\ 2 = \\v*c\\ 2 + m 2 m 2 = urii 2 + \n\ 2 \d\ 2 . 

This shows that \k\ — 1 so that U K is the desired unitary extension of V which has 
1 as an eigenvalue. 

□ 

The following corollary follows readily from the above theorem, and part (ii) of 
Theorem EXU 
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Corollary 3.1.3. Let B be a simple symmetric linear transformation with defi- 
ciency indices (1,1), and characteristic function uj. Consider the canonical rep- 
resentation \2.18)) of to. Then B is densely defined if and only if either a > 
or 

/oc 
\t + i\ 2 dv{t) = oo. 

If B is densely defined then A £ 1 is not an eigenvalue of any self-adjoint extension 
of B if and only if 

(3 - 13) ^w^ + L\^w du{t)=0 °- 

The proof of this corollary is a straightforward computation. 

Proof. By Theorem l3.1.2[ B is densely defined if and only if the angular derivative 
of u>v at 7 = 1 does not exist. As before V := m(-B). By part (ii) of Theorem l3.1.1l 
this happens if and only if 1 = 7 ^ A wv , i. e. if and only if 

(3-14) J2 \^T2 + I IC - l\- 2 d P (0 = 00, 

^ 17- a n\ Jr 

where {a n } are the zeroes of wy in D and p is the singular measure appearing in the 
singular part of wy Explicitly, wy{z) = <5Q3y (z)Sy (z) where \6\ = 1, the Blaschke 
part of wy is 



(3.15) ®v(z) = H 



a n a r , 



a n z 



and the singular part is 
(3.16) 



S v (z) = exp - / ^—dp(0 = e-t^m^J exp - / ^dp(C) • 
V if(-z / \ Jt\{i}C-2 / 

The zeroes of ujb arc z„ = /j, _1 (a„) € U. If we let t — /i _1 (C) for C € T \ {1}j 
a - := j(j({l}), and dehne the measure v on R by dv(t) = dp(fi(t)), then we see that 
the canonical representation of ujb is u>b{z) — luv(p(z)) — S < Bb(z)Sb(z), where 
the singular part Sb is 

/ f 00 1 - tz 

(3.17) S B {z) = S v {fi(zj) = e lGZ exp [i / — — dv{t) 

V J -00 t — z 

and *Bb(z) = Q3y(/i(z)) is a Blaschke product with zero set {z n = fi^ 1 (a n )}. 

A short calculation shows that if 7 = 1, then upon replacing o„ = /i(z n ), the 

summand appearing in (I3.14|) can be written ^J""^ = i(|z„ + z| 2 — \z n — i\ 2 ) — 
Im (z n ). Furthermore with t, v and a as above, and 7=1 the integral appearing in 
(|3.14p can be written 
(3-18) 

|C - l\~ 2 dp(0 = +00 • a + [ |C - l| _2 dp(C) = +00 ■ a + [ \t + i\ 2 dv(t). 

T ^T\{1} J-oo 

Here +00 • a is defined as +00 if the point mass a = p({l}) > and if a = 0. 
This proves the statement characterizing when B is densely defined. 
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The second statement follows from similar calculations, and the observation that 
A S 1 is an eigenvalue of a self-adjoint extension of B if and only if 7 = /Lt(A) <E 
T \ {1} is an eigenvalue of some unitary extension of V = n(B). □ 

Corollary 3.1.4. The operator, of multiplication by z in iT? is densely defined 
if and only if the angular derivative of if — (pofi^ 1 does not exist at z = 1. If is 
densely defined, then A £ R is not an eigenvalue of any of its self-adjoint extensions 
if and only if the angular derivative of if at fJ,(X) does not exist. 

Proof. Using the formula for w v given in equation (|2.7|) . it is not difficult to verify 
that the angular derivative of at z £ T exists if and only if the angular derivative 
of ip exists at z. □ 

4. Spectra of self- ad joint extensions of Af 1 ^ 

In this section we consider the case where 4> is an extreme point, and <f> obeys 
the conditions of Corollary 13.1.41 so that M^, which acts as multiplication by z, 
is a closed, simple and densely defined symmetric linear operator with deficiency 
indices (1,1) in K^. The following result, due to Lifschitz, immediately identifies 
the essential spectrum of in K^. Recall that a point z £ C is said to be a 
regular point, or a point of regular type for a closed linear transformation T if 
T — z is bounded below on Dom(T). A symmetric linear transformation B is said 
to be regular if every z £ C is regular for B. 

Theorem 4.0.5. (Lifschitz) In order that a real number X be a point of regular 
type of a simple symmetric linear transformation B with deficiency indices (1,1) 
and characteristic function u> , it is necessary and sufficient that both of the following 
conditions be satisfied: 

(1) u) is analytic in a neighbourhood of X. 

(2) \u>(t)\ = 1 on some open interval o/R containing X. 

In [3, Theorem 4], a more general version of the above theorem is established 
for simple isometric operators with deficiency indices (n,n), n < 00. 

4.0.6. Essential spectrum of . For a simple symmetric operator with deficiency 
indices (1, 1), A belongs to the essential spectrum of B if and only if A is not a regular 
point of B. For the operator of multiplication M^, its characteristic function ui^ 
obeys the conditions of Theorem 14.0.51 at A £ R if and only if <f> obeys those same 
conditions. It follows that a e (M^) = supp(0) fllU {00} where supp(</>) is defined 
as the union of the closure of the set of zeroes of </> and the closed support of the 
measure v that appears in the canonical representation of cj> in equation (|2. 18[) . This 
is clear as if A £ R is either a limit point of the zeroes of <f> or in the closed support of 
the part of the measure v which is singular with respect to Lebesgue measure, then 
<fi does not satisfy condition (1) of Theorem 14 . . 51 at A. Now suppose that A belongs 
to the closed support of the absolutely continuous part of v. By the inner-outer 
factorization for the -ff 00 function (f>, the absolutely continuous part of v is given by 
dv{^) — — In \<j}{^f)\dm(^) , where m is normalized Lebesgue measure on T. Since 
4> £ Bi(H°°(U)), it follows that a Borel set C T belongs to the closed support 
of the absolutely continuous part of v if and only if |0(7)| < 1 almost everywhere 
for 7 £ VL. It follows that A is the limit of a sequence X n £ R where |0(A n )| < 1 
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for each n, so that each A„ belongs to a e (M^) by condition (2) of Theorem 14.0.51 
Since the essential spectrum is closed, A 6 <j e (M^) as well. 

If A' is any self-adjoint extension of a symmetric operator A with finite deficiency 
indices, then a e {A') = a e (A). This follows easily from the fact that fJ,(A') is a finite 
rank extension of (J.(A). 

4.0.7. Remark. Note that since is simple, it has no eigenvalues so that er(M^) = 
cr e (M*). Further observe that if A G R\<j e (M^), then by Theorem [4TT5l the angular 
derivative of (and hence of <ft) exists at A. If 

4.0. 8. Total orthogonal sets of point evaluation vectors. The spectra of self-adjoint 
extensions of are related to the existence of total orthogonal sets of point 
evaluation vectors in K^. As discussed in [lij], a set of point evaluation vectors 

r := {fc^ }nez m $ can on ly be orthogonal if {A„} cl. If T is a total orthogonal 
set, the set of points {A„} is the spectrum of a self-adjoint extension M' of M"^, and 
r consists of eigenvectors to M'. To see this note that since is densely defined, 
each is an eigenvector of (M*)* with eigenvalue A„. Hence the closure, M 1 of the 
restriction of (M^)* to the linear span of T is a self -adjoint restriction of (M^)* . If 
ip G Dom(M), then (ip,M'ip') = (ip, (M*)V> = {M*ip,ip') for all ip' £ Dom(M'). 
This implies that ip G Dom((M')* = M') and (M')*tp = M'lp = M^ip, so that 
Dom(M^) C Dom(M'), and M 1 is a self-adjoint extension of M*. 

In particular, Theorem 14.0.51 and Remark |4 . . 71 allow one to conclude that if K\ 
has a total orthogonal set of point evaluation vectors, then the angular derivatives 
of cp must exist almost everywhere on T so that <j> must be inner. This follows 
as if the angular derivative of tp does not exist at a point z G T, then either tp 
does not have unit modulus at z or it is not analytic in any neighbourhood of z 
so that fj,~ 1 (z) belongs to the essential spectrum of M^. If there is a Borel subset 
C T of non-zero measure on which the angular derivatives of ip do not exist, 
then f2 := c M. belongs to a e (M^) and no point of f2 belongs to the 

point spectrum of any self-adjoint extension of by Corollarv l3.1.4t Hence if M' 
is any self-adjoint extension of and A := {k\ n } is a maximal set of orthogonal 
eigenvectors to M', then f2 C a e (M) = a e (M') and xn(M') projects onto a non- 
zero subspace orthogonal to the closed linear span of A. Hence has no total 
orthogonal set of point evaluation vectors. This fact appears as Corollary 2.2 in 
0. 

4.1. Spectra of self-adjoint extensions of M^. Suppose that A <E R \ a e (M^). 
By Remark 14.0.71 the angular derivative of 4> at fi(X) exists, and it follows from 
Theorem 13.1.11 that point evaluation at A is a bounded linear functional on K%, 
generated by the point evaluation vector 



(4.1) 4 := A 1 "^. 

y 1 A 2vr z-X 

The spectra of any fixed self-adjoint extension, M' of is cr(M') = a p (M') U 
a e (M^) where a p (M') denotes the set of eigenvalues of M' . Note that if A 6 
R \ o- e {M^) is an eigenvalue of M' , then it follows that fc^ is an eigenvector of M' 
to eigenvalue A. To see this, first note that since is densely defined, kf will be 
an eigenvector of (M*)* to eigenvalue A. If A is an eigenvalue of M' and if f\ is an 
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eigenvector for M' to eigenvalue A, it must be that f\ = ckf for some c € C since 
Ker((M*)* — A) = C{fc^} is one dimensional and (M*)* extends M'. 

Given the Cayley transform V* = /i(M*) = (M* - + *) of we have 

that Dom(V^) = Ran(M^ + i) and Ran(V^) = Ran(M*-i). Let ip± be fixed 
non-zero vectors in Ran(M^ =p i) = Ker((M^)* ± i) which have the same norm, 
H0+II = |V>- II • Recall that the family of all unitary extensions of V* can be labeled 
by a single real parameter a S [0, 27r) as follows (see, for example @, or 
Given any such an a, define 

(4.2) ^(a):=^ee ia (.,^_. 

As a ranges in [0,2tt), U^(a) covers all possible unitary extensions of V^, and the 
set of all M^{pt) := /i _1 (Z7*(a)) for a e [0, 2tt) is the family of all self-adjoint 
extensions of M^. In what follows, we choose ip- = i2nkf and ip + = —C^ip-. 
Replacing ip± by cip± where c ^ does not change J7(a). 
The domain of M^(a) can then be decomposed as: 

(4.3) Dom(M*(a)) = Dom(M^) + C {ip+ + e ia ip-} 

[loL Section 80], where + denotes the non-orthogonal direct sum of linearly inde- 
pendent subspaces, and CjV 1 } is the one dimensional linear span of a vector ip. It 
follows that a point i6R\ cr e (M^) will belong to a p (M^(a)) if and only if there 
is a non-zero c G C such that / = —i2irk x — c(4>+ + e m- 0_) belongs to Dom(M*). 
If / e Dom(M^) then for any z e U it follows that (M^f, kf)<f, = zf(z). Alterna- 
tively, 

(4.4) M^f{z) = {M+)*f{z) = -i2nxk x {z) - ic(^+{z) - e ia ip^(z)). 
Equating these two expression for M^f(z) yields 



i - <i>(x)<i>{z) m + <t>(i) m h(#) 

z — x z — i z + i 



(4.5) = x 1 - ic M - ^ ice ™ 1 - t®M , 

z — x z — i z + i 

This expression can be simplified to yield 

(4.6) = (1 + C(j){i) + ce la ) - <j>(z) fe) + c - cj(i)e ia ^ . 

Since this must hold for all z £ U, both of the bracketed terms must vanish sepa- 
rately, leading to the expression 

, s , , e ia - <b(i) 

(4.7) <t>{x) - 



1 - (j)(i)e ia 

Note that the right hand side of this formula has modulus 1, as it must since the 
angular derivative of ip at (i(x) exists. 

4.1.1. Summary of Results. In summary, we have proven that a(M^(a) ) = er e (M^)U 
a p (M^(a)) where a e (M^) = supp(</>)nM and a p {M^{a)) = {x € E\cr e (M^)| tf>(x) = 



In particular if 0(a) = it follows that cr p (M*(a)) = {x e R\cr e {M^)\ 



(X 



l-4>(i)e 

e la }. Here recall that M^(a) is the inverse Cayley transform of U^(a), as given in 
(|4.2j) . with the specific choice of deficiency vectors ip~ = kf, V>+ = —C^ip— 
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4.1.2. Remark. It is a simple calculation to verify that if x, y (fi o~ e (M), x ^ y, then 
(k^k^)^ = if and only if (j>(x) — <fi(y). Indeed, this inner product is equal to 

*£(») = S 11 ? 1 . and since *>W £ ff e ( M ), 10 (*) I = \4>(y)\ = 1, by Remark 

Era 

5. DE Branges spaces 

Recall that a de Branges function i? is an entire function which obeys |-E(.z)l > 
|-E(l)| for all z S U. Given such a function the de Branges space H(E) is defined 
as the space of all entire functions / such that f/E and f*/E belong to H 2 (V) [HI, 
Prop. 2.1]. The space 1~1{E) is a Hilbert space with respect to the inner product 

(f,9)H(E) = (f/E,g/E) L HM)M- 

Suppose that <p = F is an inner function which can be extended to a meromorphic 

function on C. An inner function F has this form if and only if its singular part 

has support only at the point at infinity, i.e. the singular part consists only an 

exponential term e %az , a > 0, and the zeroes of F have no finite accumulation point 

on R. Recall that an inner function F has these properties if and only if there 

exists a de Branges function E such that F = ^L- (Theorem I5.0.6[) . The following 

results characterizing de Branges spaces and de Branges functions can be found, 



for example, in [22j [23 1 



Lemma 5.0.3. The map U : Ti.(E) — > K E ,^ E defined byUf = f/E is an isometry 
from T~l(E) onto K E ,, E . 

5.0.4. Remark. It is clear that if E is a de Branges function, then E* /E is a mero- 
morphic inner function. The defining inequality |-E(.z)| > |S(^)| for z G U ensures 
that the zeroes of E are contained in the closure of the lower half plane and that 
E* IE is bounded by 1 in U, and is unimodular on R. Since E is entire, its zeroes 
have no finite accumulation point, so that E* /E is analytic on some neighbourhood 
of each x G M, and meromorphic in C. 

If w E L then z — w is a de Branges function, also e~ lcrz is a de Branges function 
for any a > 0. Any finite product of de Branges functions, or of a de Branges 
function with any entire function G such that G = G* , and G has only real zeroes, 
is again a de Branges function. It follows easily that if F(z) — e za ' z( B(z) is a 
meromorphic inner function where 5B(z) = rin=i z-tt~ 1S a nn ^ e Blaschke product, 
then E(z) = r )G{z)e~ 1(yz / 2 n^=i( z — ~Zn)i 1S a de Branges function satisfying F — 
E*/E. Here, {z n } C U, G is as described previously, and 7 <E T. The following 
theorems generalize these results to the case where 03 is an infinite product. 

Theorem 5.0.5. (M.G. Krein) If E is a de Branges function and (~z n )neN are its 



zeroes in L ordered so that \z n \ < \z n +i\, then X^^Li I m 



< 00 and, 



00 



(5.1) E(z) = 1 G{z)e- i " z ]J 



™ z TT ( 1 - — \ eiiPn^+p'Az)) 



where a > 0, \j\ = 1, p n (z) := Sfc=i 'Wr =Ezk an d G — G* is an entire function 
whose zeroes lie on the real axis. 

Theorem 5.0.6. If F <E H°°(V) is inner, then F = E*/E for some de Branges 
function E if and only if F{z) = e tcrzs B(z) ; a > 0, where 2J(z) is a Blaschke 
product whose zeroes have no finite accumulation point. 
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Let F — e l<J z( B(z) be a meromorphic inner function with zeroes {z n }^Li, and 
a' > 0. A de Branges function E satisfies F — E* / E if and only if both {z~^}^Li 
is the set of non-real zeroes of E, and the constant a appearing in the canonical 
representation 115. 1\) of E is equal to a' jl. Hence, such an E is determined uniquely 
by F up to a unimodular constant 7 and an entire function G which obeys G = G* , 
and whose zeroes lie on R. 

These facts lead to the following representation theorem for regular simple sym- 
metric operators with deficiency indices (1, 1). 

Theorem 5.0.7. Let B be a linear transformation with domain and range contained 
in a separable Hilbert space TL. Then B is regular, closed and simple symmetric 
with deficiency deficiency indices (1,1) if and only if it is unitarily equivalent to 
multiplication by z in a de Branges space of entire functions. Equivalently, such 
a B is unitarily equivalent to multiplication by z in Kp where F G _ff°°(U) is a 
meromorphic inner function. 

By multiplication by z in a de Branges space TL{E), we mean the linear transfor- 
mation in Ti(E) which acts as multiplication by z on its domain, and which has no 
proper extension. The fact that multiplication by z in any de Branges space Ti-(E) 
is a closed regular simple symmetric linear transformation with deficiency indices 
(1,1) is well known, see for example 0, Theorems 16-17] [2l|. It remains to prove 
necessity. 

Proof. Suppose B is closed, regular and simple symmetric with deficiency indices 
(1,1). If u>b is the characteristic function of B, then the regularity of B and 
Theorem 14.0.51 imply that |wb(A)| = 1, and that u>b is analytic in a neighbourhood 
of A for any A £ 1. It follows that ojb is a meromorphic inner function and has 
the form lob{z) = e ll7Z( B(z) where a > 0, and 93(z) is a Blaschke product whose 
zeroes have no finite accumulation point. By Theorem l5.0.6l there is a de Branges 
function E such that ojb = E* /E. By Theorem 12.2. 11 B is unitarily equivalent to 
multiplication by z in , and since by Lemma 15.0.31 multiplication by E is an 
isometry from onto the de Branges space Tt(E), it follows that B is unitarily 
equivalent to multiplication by z in Ti.(E). The converse follows from the comment 
preceding this proof. □ 

More precisely, bv l2.2.11 the following is true. 

Corollary 5.0.8. If B is a regular simple symmetric linear transformation with 
deficiency indices (1, 1), then its characteristic function lub is a meromorphic inner 
function. For acD, let wffi := ^f—J* ■ If e l ~^~ z is the singular part of lJ^ and 
(^(a))^! are its zeroes, then B is unitarily equivalent to multiplication by z in 
any de Branges space H(E a ) where 



(5.2) E a (z) = 7 ( a )G Q (z)e-^ z J] 




z n (a) t 

o~{pi) > 0, I'y (ck) I = 1, p n (a; z) := X)fc=i 1 j, ? k and G a is any entire function 

whose zeroes lie on the real axis and which obeys G a = G* . 

The results of Section [3] applied to this particular case when <\> = F = E* /E for 
some de Branges function E yields the following criterion for multiplication by z 
to be a densely defined symmetric operator in H(E). 
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Theorem 5.0.9. Let E be a de Branges function, and consider the representation 
of E given in Theorem \5.0.5i Then multiplication by z in H(E) is densely defined 
if and only if at least one of the following two conditions holds: (i) a > 0, or (ii) 

E, ie N Im ( Z ") = 00 ■ 

5.1. The spectra of self-adjoint extensions of M F . Since the operator of mul- 
tiplication, M, in Kp, where F is a meromorphic inner function, has no essential 
spectrum, the spectra of any of its self-adjoint extensions is purely discrete. Recall 
that any symmetric linear transformation B for which B — z is bounded below for 
all z G C is said to be regular. Since M F , where F is a meromorphic inner function 
is simple and a e (M F ) — {oo}, it follows that M F is regular. Let the self-adjoint 
extension M F (a) of M F be defined as in Subsection l4.1[ i.e. choose the deficiency 
vectors ip- = kf and ip + = —Cf?P-- Since every extension has an infinite number 
of eigenvalues, it follows from equation (|4.7j) of Subsection 14.11 for the spectrum of 
M F (a) that given any j3 € [0, 2tt) there is an infinite number of points x € K such 
that F(x) =e ip . 

5.1.1. Definition. For each (3 £ [0, 2tt), choose a point i€l such that F(x) = e i/3 
and let M F be that self-adjoint extension of M F for which x € <j(M f ). 

The results of Section [4] show that M F is well defined, and that 

(5.3) o-(M^) = {x e R\ F(x) = e l13 }. 

Furthermore by inverting equation (|4.7p of Section [U M F = M F (a) where e ta = 

In P articular » if F 0) = o. M /3 = MF W- 

Since F is unimodular on R, we have F(x) = e iT W = E*(x)/E(x) for a real- 
valued function r. It follows that the function r : M — » K can be defined so that it 
is infinitely differentiable and has a local analytic extension about any point i£l 
We will call such a function r a phase function of F. Observe that the spectrum of 
Mg can be written 

(5.4) cr(Mj) = {x e M| r(x) = /? + 27rn; n e Z}. 

This implies in particular that any x S K belongs to the spectrum of some self- 
adjoint extension of M . More precisely, the following results hold : 

Theorem 5.1.2. ([b, Theorem 2], r L 5]) Let B be a closed symmetric operator 
densely defined in Ti. If B is simple, regular and has deficiency indices (1,1), 
then the spectra of any one of its self-adjoint extensions consists of eigenvalues of 
multiplicity one with no finite accumulation point. Furthermore, the spectra of all 
of its self-adjoint extensions cover K exactly once. 

Theorem 5.1.3. Ifr :R^R is such that F(x) = e lr{x) , then t'(x) = 27r||fcf || 2 > 
and t is a C°° bijection ofM. onto (—00,6), (a, 00) or R, depending on whether 
the spectrum of each self-adjoint extension of M F is bounded above, bounded below 
or neither bounded above nor below, respectively. The phase function r has a local 
analytic extension about any point x € R. 

Note that if E is a de Branges function such that F = E*/E then t(x)/2 is a 
phase function associated with E, as defined in [21(. The fact that if one self-adjoint 
extension of M F is bounded above or below, then all are follows immediately from 
Krein's alternating eigenvalue theorem (0, pg. 19): 
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Theorem 5.1.4. (Krein) Let B be a closed simple symmetric operator in 7i with 
deficiency indices (1, 1). Suppose that the interval / Cl consists of regular points 
of B. Then, the eigenvalues of any two self-adjoint extensions B' and B" of B 
alternate in I . 

Proof, (of Theorem 15.1. 3| Since F is analytic on a region containing R, Theo- 
rem 13.1.11 implies that point evaluation at any point x G R is a bounded linear 
functional in Kp; given any / <G Kp, and any x G R, (f,k x ) = f(x), where 

k F (z) = 27 1 ' F f_! ) x F(z) ■ It is straightforward to calculate that < ||fcf || 2 = fc x (x) = 
^F(x)F'(x), and since e lT ( x ) = F(x) it follows that t'(x) = -iF(x)F'(x) = 
2n\\k F || 2 > 0. To show that r is strictly increasing, and hence injective, it remains 
to show that \\k F \\ > is strictly positive for every x £ R. To see that k F ^ for 

any x S R, recall that by definition, k F (z) — J- — ^~r-^ which is non-zero al- 
most everywhere with respect to Lebesgue measure since F is a non-constant inner 
function. Hence ||fc x || > 0, and k x ^ for any x € R. 

By (|5.4|) and the fact that r is strictly increasing on R, the spectra of each self- 
adjoint extension is bounded above or below if and only if the range of r is bounded 
above or below. The phase function r cannot be bounded both above and below 
as this, and the fact that the spectra of each self-adjoint extension of B has no 
finite limit point (by Theorem 15. 1.2|1 would imply that each self-adjoint extension 
has only a finite number of eigenvalues. Since each such self-adjoint extension is 
unbounded this is not possible. Now suppose that r is bounded above and that 
b = sup xgR r(x) = lim-r^oo t{x). Then since r is strictly increasing, b is not in 
the range of r and t is onto (—00,6). The other two cases are similarly easy to 
verify. □ 

5.1.5. Remark. The spectrum of M F is a(M F ) = {x e R| t(x) — (3 + 2irn; n S 
Z (~1 Ran(r)}. Each M F is unitarily equivalent to M lF where 7 is any unimodular 
constant. If r 7 is a phase function of 7F, r yF(x) = e lTl<yX \ then there is always a 
7 e T such that Ran(r 7 ) = (-co, 0), (0, 00) or R, and Ran(r 7 ) HZ^iNorZ. For 
example, if Ran(r) = (a, 00), let 7 = e~ la . Then t 7 = r — a is a phase function for 
-fF with range (0, 00). 

Corollary 5.1.6. Given a phase function t for F, let A : R — > R denote the 
monotonically strictly increasing C°° function o/Ran(r) onto R which is the inverse 
ofr, X(t(x)) = x. Then a(Mp) = (A(/3 + 27m)) neZnRan(T) . 

Given an arbitrary densely defined simple symmetric operator B with deficiency 
indices (1,1), recall that, as in Subsection 14.11 all self-adjoint extensions B(a) of 
B can be labeled by a single parameter a € [0, 2n) where B{a) := /i _1 (C/(a)) is 
defined as the inverse Cayley transform of 

(5.5) U(a) = fi(B) e ia (-,ip + }tp-, 

and ip± € Ker(B* ± i) = C{ip±} arc chosen so that |'0+| = HV-'-ll / 0. 

Corollary 5.1.7. Let B be a regular simple symmetric linear operator with defi- 
ciency indices (1,1) and characteristic function to. Let r be a phase function for 
u>. Then r is a C°° strictly monotonically increasing diffeomorphism o/R onto its 
range, t' (x) > for all and r has a local analytic extension about any point 

x G R. If Bp, [3 € [0, 2ir) is defined as that self-adjoint extension of B such that 
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there is an x € cr(Bp) so that uj(x) — e 113 , then o~(Bp) — {A(/3 + 27ro)} n £znRan(i-); 
where A = r . If B(a) is defined as above, then there is a 8 £ [0, 2ir) such that 
[3 = a + 9 mod 27r, and ip± can be chosen so that (3 — a, i.e. so that B a = B(pi). 

The above corollary shows that the spectra of the self-adjoint extensions of B 
behave very smoothly with respect to the parameter a labeling the self-adjoint 
extensions. 

Proof. The bulk of the corollary follows immediately from the previous results of 
this section, and the fact that B is unitarily equivalent to in K^. Assume, 
without loss of generality that B — M u . We will verify the hnal assertion. By the 
results 14.1.11 of Subsection 14.11 and Definition 15.1.11 with the choice ip- = kf and 
4>+ = -C^V-, M p = M u ((3) for all f3 € [0, 2tt). If one makes a different choice ip'± 

of deficiency vectors then t/>± = cxiV'ij where ip± are as before, c = jj^jj 7^ and 
X± € T. It follows that with this choice of deficiency vectors, if X+X- = e * ( > then 

(5.6) U"(a) = V®e la (; X+ ^ + ) X -^- = V® e a+e (-^ + )^_ = U»((3), 

where U u {a) = fx(M u (a)) and = a + 6 mod 2tt. □ 

5.1.8. Remark. The function A = r _1 is the spectral function of the symmetric 
operator B, as defined and studied in Section 3 of 0. Since the characteristic 
function ujb of B is only defined up to a unimodular constant, u>b and the phase 
function r can be chosen as described in Remark 15.1.51 so that Ran(r) = (— 00, 0), 
(0, 00) or R. Furthermore, if the deficiency vectors of B are chosen so that B a = 
B(a), then if A = r" 1 , a(B(a)) = {A(a + 27ro)| n £ M} where M := ZnRan(r) = 
±N or Z. 

5.2. Subspaces with the sampling property. Let H be a reproducing kernel 
Hilbert space of functions on R, with point evaluation vectors S x , id. We will 
call A :— (A„)„ e M a total orthogonal sampling sequence for H if A„ < A, i+ i for all 
n € M and {5\ n } is a total orthogonal set, so that any f &Tt can be reconstructed 
from its samples {/(A„)} taken on the sampling sequence A. Here M = ±N or Z. If 
TL has a one-parameter family of total orthogonal sampling sequences A(a) which 
cover R exactly once, we will say that H has the U(l) sampling property, and if 7i 
has the sampling property and there exists an orthogonal sampling sequence A for 
H. which has no finite accumulation points, we will say that TL has the uniformly 
discrete sampling property. Reproducing kernel Hilbert spaces Ti. of functions on R 
with the uniformly discrete sampling property seem to be of greater practical value 
for applications such as signal processing than those without this property. For 
example, suppose that one is given a RKHS H with the sampling property. One 
could then attempt to use TL in the same way that the space of f2— bandlimitcd 
functions B(fl) is used to sample and reconstruct continuous signals (see the Intro- 
duction). Namely, given a continuous signal /, e.g. a music signal, approximate / 
by an element fu of TL. Since a music signal is a function of time, think of the real 
variable of elements of TL as time. Using that TL has a total orthogonal sampling se- 
quence A = (t n ) n£ M, one can record the samples of fu on A to obtain the sampling 
sequence (fn{tn)), and then later reconstruct the approximation fu to / from this 
discrete sequence. If TL does not have the uniformly discrete sampling property, 
the sequence of points (t n ) has a finite accumulation point, and the above does not 



22 



R.T.W. MARTIN 



yield a practical method for sampling and reconstructing an approximation to the 
continuous signal /. 

If 4> is extreme, then as shown in 14.0.81 if has a total orthogonal sampling 
sequence then <j) — F is an inner function. Moreover o~ e (F) \ {00} — if and only if 
F is a meromorphic inner function. As observed at the beginning of Section [4. 11 if 
A ^ &e{F) then point evaluation at A is a bounded linear functional in Kp. Hence 
if F is meromorphic then Kp is a reproducing kernel Hilbert space of functions on 
K. Further suppose that F is chosen so that M F is a densely defined symmetric 
operator (see Theorem 1 5 . . 9 1 and use Theorem l5.0.6j) . In this case, if the self-adjoint 
extensions M F (a) are defined as in Subsection 14. 1[ and a(M F (a)) — {A n (a)}„ e M, 
ordered so that A„(a) < A n +i(a), then it follows from the results of the previous 
sections that for each a G [0, 2tt), a(M F (a)) is a strictly monotonically increasing 
sequence with no finite accumulation point, the spectra of all the M F (a) cover the 
real line exactly once, and for each a G [0, 2tt), {k F ^}n£M is total orthogonal set 
of point evaluation vectors. Hence each subspace Kp where F is a meromorphic 
inner function for which M F is densely defined is a reproducing kernel Hilbert space 
with the U{\) uniformly discrete sampling property. 

5.2.1. Remark. It is true that spaces Kq for more general inner G can also have 
total orthogonal sets of point evaluation vectors (see Subsection 14.0.81 and [lq). 
However, if, for example, A G <r e (M G ) is an isolated point of the essential spectrum, 
then it is an accumulation point of the eigenvalues of every self-adjoint extension 
of M . In particular, A will be an accumulation point of any total orthogonal sam- 
pling sequence for Kq. Also if A G cr e (G) then point evaluation at A is a bounded 
linear functional in K G if and only if the angular derivative of Go/j" 1 exists at fi(X). 

The following theorem applies the results of this section to provide a sufficient 
condition for a subspace Ti C L 2 (M.,diy) to be a reproducing kernel subspace with 
the U(l) uniformly discrete sampling property. 

Theorem 5.2.2. Suppose that v is a positive Borel measure which is absolutely 
continuous with respect to Lebesgue measure and let M v be the self-adjoint operator 
of multiplication by the independent variable in L 2 {U.,dv). Further assume that 
Ti C i 2 (M, dv) is such that the Cayley transform [i{M v ) of M v is a unitary dilation 
of its compression to Ti and that M v has a regular simple symmetric restriction, 
M„, with deficiency indices (1,1) to a linear subspace of Ti. Then the following 
statements are true: 

(1) /i(M„) is the minimal unitary dilation of its compression to Ti, and v'(x) > 
almost everywhere. 

(2) There is an isometric transformation V which acts as multiplication by a 
measurable, locally L 1 function which takes Ti onto a de Branges space of 
entire functions. 

(3) Ifl/v 1 is a locally L°° function and is densely defined, then Ti itself is a 
reproducing kernel Hilbert space with the U(l) uniformly discrete sampling 
property. 

Note that in condition (1), the assumption that v is absolutely continuous to 
Lebesgue measure, and that v'{x) > almost everywhere with respect to Lebesgue 
measure, is equivalent to the assumption that v is equivalent to Lebesgue measure. 
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Recall that two measures are said to be equivalent if they have the same sets of 
measure zero. 

This theorem is a strengthening of Theorem 14 of [6]. The proof of this theorem 
will make use of the following lemma. Given a semigroup 6 of operators on a 
Hilbert space Tt, recall that a subspace S C Ti is said to be semi-invariant for & if 
6 |s is a semigroup. 

Lemma 5.2.3. (Sarason Let & be a semi-group of operators on a Hilbert 

space TI. Then S C TL is semi-invariant for & if and only if S = Si S% where 
S2 C Si, and Si , S2 are invariant subspaces for & . 

It is easy to verify that if S2 C Si are nested invariant subspaces for the semi- 
group ©, then Si S2 is semi- invariant for ©. Conversely, if S is a semi- invariant 
subspace for 6, then as in [2^], one can show that &S =: Si and Si S =: S2 are 
invariant subspaces of 6 satisfying S = Si Q £2- 

Before beginning the proof of Theorem l5.2.2[ it will be useful to first recall some 
basic facts about unitary dilations of contractions, and to establish some notation. 

5.2.4. Unitary dilations of contractions and semigroups of contractions. Let T be 
a contraction on TI. Recall that a unitary operator U on K. D Ti is called a unitary 
dilation of T if T k = P n U k \ n for all k e NU{0}. The dilation U is called minimal if 
K, is the closure of the linear span of U k TL; k 6 Z. Any contraction T has a minimal 
unitary dilation, and this minimal unitary dilation is unique up to a certain natural 
unitary equivalence [27I Theorem 4.3]. 

If 1 ^ o- p (T) where cr p (T) is the set of eigenvalues of T, then the Hardy functional 
calculus can be used to define T(t) := exp (ii/i _1 (T)) for each t > 0. The functional 
calculus further implies 6 := {T(t)} t >o is a semi-group with respect to multipli- 
cation (in fact a representation of ([0,oo),+) since T(t)T(s) = T(s + t) Vs,< > 
and T(0) = I), that \\T(t)\\ < 1 for all t > 0, and that t h-> T{t) is strongly contin- 
uous. Any semigroup of operators on Ti with these properties is called a strongly 
continuous one parameter contraction semigroup. Conversely, given any such one 
parameter contraction semigroup, 6 = {T(t)} t >o, the limit T :— lim s ^o+ fs(T(s)) 
where f s (z) := z z Zi- S s always exists in the strong operator topology. This limit, T, 
is a contraction on H such that 1 ^ cr p (T), and such that T(t) := exp (it/x -1 (T)). 
The contraction T is called the co-generator of 6, and its inverse Cayley transform 
^ _1 (T) is called the generator. Analogously, a group g = {t/(i)} tg R of operators 
on a Hilbert space JC is called a strongly continuous one parameter unitary group 
if each U{t) is unitary, if t 1— > U(t) is strongly continuous, and if (g, ■) is a repre- 
sentation of (R,+), i.e. U(t)U(s) = U(t + s), [7(0) = I and C7(-i) = U{t)- 1 for 
all s, t € M. Such a strongly continuous unitary group of operators q on K D H 
is called a unitary dilation of a one parameter strongly continuous semigroup of 
contractions 6 = {T(t)} t > on H if P n U(t)\ H = T{t) for all t > 0. Again, the 
dilation is called minimal if the linear span of U(t)H; t £ R is dense in /C, such a 
minimal dilation is unique up to a natural unitary equivalence, and every strongly 
continuous one parameter semigroup of contractions on TL has a minimal unitary 



dilation [26|, Chapter III, Sect. 8-9]. We refer the reader to [26| and [27| for more 
on basic dilation theory. 

By Stone's theorem, any strongly continuous one-parameter unitary group q = 
{U(t)}t£M of operators on JC can be realized as U(t) — e ttA for some densely defined 
and closed self-adjoint operator A acting in K. The self-adjoint operator A is said 
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to generate the unitary group g. If 6/c = {U(t)}t>o, then this is clearly a strongly 
continuous semigroup, and its co-generator is (J-(A). Moreover, the unitary group g 
is a (minimal) unitary dilation of a strongly continuous one parameter contraction 
semigroup & = {T(t)} s >o of operators on TL C K, with co-generator T if and only 
if /J.(A) is a (minimal) unitary dilation of T . In general, q is a unitary dilation 
of its compression 65 := {PsU(t)\s}t>o to a subspace S C K if and only if S 1 is 
semi-invariant for 6/c- We will say S is semi-invariant for g if it is semi- invariant 
for the semi-group &ic- 

Let M, M„, and Me denote the self-adjoint operators of multiplication by the 
independent variable in L 2 (R), L 2 (R, dv) and L 2 (R, \E(x)\~ 2 dx), respectively. We 
will use the notation qm, and g„ and qe to denote the strongly continuous one- 
parameter unitary groups generated by M, M v and Me- 

By the Bcur ling-Lax theorem the invariant subspaces of the semigroup S := 
{e J * M |jj2(jj)}i>o acting on H 2 (U) all have the form FH 2 (V), where F is inner. It 
follows from Lemma 15.2.31 that each subspace K F C H 2 (U) is semi- invariant for 
qm- Moreover, it is clear that gni is the minimal unitary dilation of its compression 
&m to Kp. By Lemma [5.0.3[ if F = E*/E, where E is a de Branges function, 
then multiplication by E is an isometry of Kp onto TC(E). Clearly this isomctry 
intertwines e itM and e itME for all t&R. It follows that Qe is the minimal unitary 
dilation of its compression, &e '■— {pH(E)S ttME \n(E)}t>a, to Ti(E) 1 and that &e 
is a semi-group. Here, P-h(E) is the projector of L 2 (R, \E(x)\ dx) onto Tt(E). 

We now proceed with the proof of Theorem 15.2.21 



Proof, (of Theorem 15.2. 2p The linear map V of multiplication by J v'(x) is an 
isometry of L 2 (R, dv) onto L 2 (R) which maps Tt onto a subspace J C L 2 (R). If M 
denotes the self-adjoint operator of multiplication by the independent variable in 
L 2 (R), then Ve itM " = e itM V so that (by Remark [5.2.41 above) J is semi- invariant 
for the semigroup 6 = {e ltM }t>o acting on L 2 (R). By the Beurling-Lax theorem 
on invariant subspaces of this semi-group of operators on L 2 (R), and Lemma l5.2.3[ 
it follows that J = S\ Q S2 where S2 C S\ and each Si is either equal to L 2 (il) 
where fi is a Borel subset of R or FH 2 (U) , where F is a unimodular function. Let 
M J denote the image of M^ under V. 

The subspaces Si and 52 cannot both have the form L 2 (il), as then it would 
follow that J is itself invariant for M so that J — L 2 (A) where A is a Borel subset 
of non-zero Lebesgue measure. It would follow that M' = M\j is a self-adjoint 
extension of M 1 - 7 , and a(M') — A, contradicting the fact that the spectrum of any 
sclf-adjoint extension of M^ is purely discrete. Furthermore, it cannot happen 
that only one of either S\ or S2 has the form L 2 (f2). First, if is a proper non- 
trivial Borel subset of non-zero Lebesgue measure, then L 2 (f2) neither contains 
nor is contained in FH 2 (V) for any unimodular function F. Hence it cannot be 
that one of Si, S2 is equal to L 2 (fl) for such a set while the other is equal to 
FH 2 (V). Suppose that either Si = L 2 (R) and S 2 = FH 2 (U) or Si = FH 2 (U) 
and S*2 = {0}. Then multiplication by 1/F is an isometry from J — Si Q S2 
onto S — H 2 (h) or = H 2 (V) respectively, and the image M s of M J under this 
isometry acts as multiplication by the independent variable. Consider the case 
where S = H 2 (U) . The operator /x(M) | H 2 nn is an isometry on H 2 (U) . Since 1 is not 
an eigenvalue of /j,(M)\ H 2^, M' = fi^ 1 (^i(M)\ H 2^) is a densely defined symmetric 
operator in H 2 (U). Furthermore, since /z(M') = ii{M)\ H 2^ is unitarily equivalent 
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to the forward shift on ff 2 (D), it is easy to see that dim (Dom(/i(Af')) ± ) = 
and dim (Ran(/i(M')) ) = 1 so that n(M') and M' have deficiency indices (0, 1). 
Since fJ.(M s ) — A i (^)lRan(M s +i)c-ff 2 (U) it follows that fi(M') is a closed isometric 
extension of /i(M s ). This yields a contradiction, since n(M ) has deficiency indices 
(1, 1) so that the only isometric extensions of /i(M s ) have the form fx{M s ) W 
on S = Dom(/j(M s )) Dom(/i(M s )) J " where If is a rank one isometry from 
the one-dimensional subspace Dom(/i(M s )) 1 onto the one dimensional subspace 
Ran(/i(M s )) . All such extensions have deficiency indices (0,0) and are in fact 
unitary. A similar argument shows that S cannot equal H 2 (h) either. 

In conclusion J = GH 2 (V) FH 2 {V) = GK 2 F/G where F, G are unimodular 
functions and FH 2 {V) C GH 2 (V). Since FH 2 (V) C GH 2 (V), it follows that for 
any h £ H 2 (U) there is a h 2 £ H 2 (iJ) such that Fh = Gh 2 - That is, given any 
h S # 2 (U), F/G/i S if 2 . This implies that F/G is an inner function. Hence J = 
G (H 2 (V) F/GH 2 (\])). Since elements of J have support on all of K it follows 
that v'(x) > almost everywhere x £ R. Furthermore, since qm is the minimal 
unitary dilation of its compression to Kp, G and hence also of its compression to 
J , it follows that q v is the minimal unitary dilation of its compression to TL. 

Multiplication by 1/G is an isometry of J onto the subspace JC := Kp^ G = 
H 2 (U) F/GH 2 (U) , and the image M K of M J under this isometry is again multi- 
plication by the independent variable. Note by Remark l^^l that M K = M k2 "/g = 
M F I G , where M F / G is the symmetric linear transformation of multiplication by z 
in Kp/Q as defined in previous sections. The transformation M F I G is simple with 

deficiency indices (1,1). Since M and hence M K = M F / G is regular, it follows 
as in the proof of Theorem 15.0.71 that F/G is a meromorphic inner function, that 
there is a de Branges function E such that F/G = E*/E, and that multiplication 
by E is an isometry of K F / G onto H(E). In summary, if V denotes the operator 

of multiplication by v := V^^, then V is an isometry of TC onto TC(E) that takes 
M H onto the symmetric operator of multiplication by z in 7i(E). 

To prove the third and final statement, let v be a member of the equivalence 
class of v which is bounded below on any finite interval. Then if k x is the point 
evaluation vector at x £ K for Tt(E), it is easy to see that 5 X := (w(a;)) _1 V r *fc a ; 
is such that for any f £ H, (f, S x ) — f(x) almost everywhere. Identifying each / 
in TL with that member of its equivalence class for which this is true everywhere, 
we see that Tt is a reproducing kernel Hilbert space. The fact that TL has the 
uniformly discrete U(l) sampling property follows from the fact that any TL{E) (or 
equivalcntly Kp where F = E* / E) in which multiplication by z is densely defined 
has this property. □ 

5.2.5. Remark. In the above theorem, the assumption that M v has a regular simple 
symmetric restriction with deficiency indices (1,1) to a linear subspace of TL is 
equivalent to the the assumption that the essential spectrum of the compression 
of n(M v ) to TL consists of the singleton {1}. If a e {Pun{M v )\n) contains only 
the point 1, then TL cannot be invariant for M„, and hence is not reducing for 
= {e ltM "}teK- It cannot be invariant or co-invariant for & := {e ltM "}t>o either, 
as this would imply that it is invariant or co-invariant for pb(M v ). It would follow 
that the compression of /j,(M v ) to TL is either an isometry or a co-isometry, and 
hence its spectrum would be the closed unit disc. In particular, the entire unit 
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circle would belong to the essential spectrum of the compression of n{M v ) to Ti, 
contradicting our initial assumptions. As in the proof of the theorem above, this and 
the assumption that Ti is semi-invariant for g„ then implies that there is a unitary 
U from Ti onto a model subspace Kp, where F is an inner function, such that U 
acts as multiplication by a locally L 1 function. As has been demonstrated earlier, 
M has a unique simple symmetric restriction M F with deficiency indices (1,1) to 
a linear subspace of Kp, and hence M v has such a restriction = U*M F U to 
a linear subspace of Ti. The assumption that a e (Pnfj,(M u )\-n) contains only the 
point 1 further implies that M F and hence M^ 1 must be regular. 



Theorem 5.2.6. Let Ti. be a reproducing kernel Hilbert space of functions on K 
whose reproducing kernel is positive almost everywhere with respect to Lebesgue 
measure, ||fcx|| > a - e - x ®- Suppose that the operator of multiplication by the 
independent variable, M n in Ti is a densely defined regular simple symmetric linear 
operator with deficiency indices (1, 1). Then there is an isometry V which acts as 
multiplication by a function which is non-zero almost everywhere, which takes Ti 
onto a de Branges space Ti(E) of entire functions, and which takes onto the 
symmetric operator of multiplication by z in Ti(E). 



The proof of this theorem relies on the theory of spectral representations of 
symmetric operators as developed by M.G. Krein (see for example [§], [1] or 0, 
Section 2.2]), and tools developed in For the convenience of the reader, we 
provide a brief summary of the background theory needed in the proof of the above 
theorem. 

Let B be a closed regular simple symmetric linear operator with deficiency indices 
(1, 1) defined on a dense domain Dom(S) C Ti. Let A be an arbitrary self-adjoint 
extension of B, and define the meromorphic vector- valued function ip z := (A — 
i)(A — z)~ l %j)i where ipi is a fixed non-zero vector in Ker(_B* —i). Next define 
S z := nj^fA ■ By Lemma 2 of [;6], (ip x ,ipi) ^ for any x G R. Furthermore, S z is a 
meromorphic vector valued function with poles that lie off the real axis such that 
5 X € Ker(_B* — x) for each x € K (see for example Section 2.2 of 0]). One can then 
define a linear map $ of Ti. onto a certain vector space of meromorphic functions 
by $ [f](z) := (f,&z) for any / G Ti. It is easy to check that the image of B under 
$ acts as multiplication by the independent variable. Indeed, if / € Dom(_B), then 
$[Bf](z) - (Bf,S-) = (f,B*S-) - z(f,S-) = z$[/](z). 

By Corollary I5.1.71 and Remark I5.1.81 the deficiency vectors ip± of B can be 
chosen so that <j(B{a)) = (X(a + 27rn))„ e M where A = r _1 is the spectral function 
of B is defined on Ran(r) = (-oo, 0), (0, oo) or M and M = ±N or Z. Without loss 
of generality, assume that Ran(r) = 1 so that M = Z. As in Section 4 of @, one 
can endow the range of <& with an inner product as follows. 
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Let p be an arbitrary positive Borel probability measure on [0, 27r] , i.e p([0, 27r] 
1. Given any <f> 6 TC, 



2tt 

((/), <j))dp(a) 



/ ^(0; ft\(ct+27rn) ) (ft\(g+27TO) i 

Jo „^ 



< 5A(a+2im) || 



dp (a) 



f 1 

(5-7) = V" / (0, 6A(Q+27m))(£A(a+27rn),</>) Tr? [T? rf P( a ) 

||OA(a+27rn)ll 



1 

1^)11' 



{<f>,S y )(S y ,4>)-rr—^dp(T(y)) 

(5-8) = J J^{y)\ 2 j^dp(T{y)). 

In the above, the measure p is extended periodically to define a measure on M. It 
follows that $ can be viewed as an isometry of Ti onto a subspace of i 2 (M, da) 
where da(x) = dp(r(x)). 

Choose an arbitrary z = re l/3 G ©, and define dp z (x) — P r (f3 — x)dx where 
Pr ( 9 ) := i-2rcos e+r 1 is the Poissorl kernel. Let a' z (x)dx := da z (x) = ^=? dp z (t(x)) = 
\\5 x \\~ 2 P r ((3 — t(x))t' {x)dx. Let M z denote multiplication by the independent vari- 
able in L 2 (R, da z ), and let $ z denote the map $ viewed as an isometry from Ti 
onto H z := ®[H] C L 2 (R,do- z ). The following is taken from @, Theorem 11]. 

Theorem 5.2.7. The subspaceH z C L 2 (R, da z ) is semi-invariant for q z := {e ttMz }tg&Lt 
and q z is the minimal unitary dilation of its compression to Ti z . 

With the aid of the above facts, we are now ready to prove Theorem 15. 2. 61 



Proof. For each x € R such that k x ^ 0, it is clear that k x is an eigenvector of (M n )* 
to eigenvalue x, where M w denotes the symmetric operator of multiplication by 
the independent variable in Ti. By the discussion preceding the proof, there is an 
isometry $ of Ti onto a subspace J C L 2 (R, da) such that da = a'(x)dx, a' ,1/a' 
are locally L°° functions, and such that J is semi-invariant for the semi-group 
& := {e ltM "}t>o where M a denotes multiplication by x in L 2 (R, da). Furthermore, 
the isometry $ can be chosen such that if / £ TC, &{f](x) = for x G R where 

8 X S Ker((M w )* - at). Since Ker((M w )* - x) = C{k x } for each x e R such that 
fca: ^ 0, it follows that (5 X = c(x)k x almost everywhere i e Iso that $[/](x) = 
almost everywhere. 

In summary, 1/a 1 is locally L°°, J is semi-invariant for 6 = {e ltM °}t>o, and 
M J :=MJ 

$Dom(Af H ) is regular simple symmetric and densely defined with indices 
(1,1). By Remark 15.2.41 and Theorem 15.2.21 there is an isometry V which acts as 
multiplication by a measurable function v and which takes J onto a de Branges 
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space Ti(E). In conclusion, multiplication of elements of TL by * s an i sorne - 

try of 7i onto a de Branges space of entire functions, and which maps M n onto 
multiplication by z in TL(E). □ 

Corollary 5.2.8. In addition to the assumptions of the above theorem, suppose 
that Ji C L 2 {M.,dv), where v is a non- decreasing function of x el. Let E be any 
de Branges function such that M-h, multiplication by x inli, is unitarily equivalent 
to Me, multiplication by z in 7i(E). Let V be an isometry which takes M Fb 
onto Mn, Fe = E* / E , and acts as multiplication by the function v(x). Then there 

exists <f> G i?i(i/ 00 (U)) such that Re ( i-f^ ) * s Poisson integral of the measure 

jj, where dfj,(t) = \v(t)\ 2 dv(t). 

This corollary uses the following fact 2l|, Problem 90, pg. 90]: 

Lemma 5.2.9. Let H(E) be a de Branges space, and let v : R — > R be a non- 
decreasing function such that 



\f{x)/E(x)\'dx= / \f{x)/E(xY\dv{x) 

J —oo 

for all f e H(E). Then there exists a <j> e Bi(iJ°°(U)) such that 
'l + F E (z)cf,(z)\ _y f°° du(t) 



Re 



l-F E (z)<f>(z)J 7T (x - tf + y 



,2 



where z = x + iy G U. 

Proof. (Corollary [5?2IH1) Since V is an isometry it follows that for any / 6 H(-E), 



(5-9) \\ff n{E) = \\f/E\\l m = j^Mt Ht) f dl/{t ). 

The corollary now follows from Lemma 15.2.91 □ 
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